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In a supersonic  outflow of gas into a vacuum, the local frequencies of collisions between molecules 
decrease  rapidly in the downstream direction,  which leads to disturbance of the equil ibrium between the 
translat ional  and internal degrees of freedom~ The rotational relaxation in the region of free expansion of 
a supersonic ,  incompietely expanded jet of nitrogen on the assumption of negligible effect of relaxation on 
the translat ional  tempera ture  and Mach number was examined in [1]. A compar ison  of the resul ts  of calcu- 
lations [1] with experimental  data for~a sonic nozzle [2] revealed a considerable disagreement~ In the pres-  
ent paper the problem of free ax i symmetr ic  expansion of nitrogen with due regard  to the effect of ro ta-  
tional relaxation on the gasdynamic pa ramete r s  is solved numerical ly .  For the calculation, we use the 
method of charac te r i s t i c s  in the form proposed in [3]. 

1 .  M a i n  A s s u m p t i o n s  

The free expansion of nitrogen f rom a round nozzle at moderate t empera tu res ,  when the internal 
energy of the gas is composed of the energy of translat ional  and rotational degrees  of freedom, is consid- 
ered.  The following assumptions are  made in the calculation: 

1) the effect  of v iscosi ty  and thermal  conduction on the flow paramete r s  are  negligible [4]; 

2) the energy distribution of rotat ional  degrees of f reedom corresponds  to a Boltzmann distribution, 
which allows the introduction of a rotat ional  temperature  Tr; 

3) the rotat ional  relaxation is represen ted  by a relaxation equation [5] of the form 

t i t  r T - -  T r 
dt -- Vr 

vr=Z~, v =  ]/'2-~N 

Here,  T is the translat ional  tempera ture ;  7 r is the rotational relaxation time; w is the mean time of 
the mean free path; Z is the number of collisions required for establ ishment  of equilibrium between the 
rotational and translat ional  degrees  of f reedom; cr is the collision c ross  section; N is the concentration; 
and m is the mass  of the molecule.  

For  ni trogen ultrasonic measurements  at T ~ 300~ give Z ~ 5 [5]. The collision c ross  section 
can be obtained f rom experimental  v iscosi ty  data. In the tempera ture  range 50 < T < 300~ the viscosi ty  
# of nitrogen is approximated sa t i s fac tor i ly  by the relat ionship # ~ T [6, 7], which cor responds  to cr ~ T-i/}: 
In the calculation the express ion ~(T) = 4 .4 .10  -15 {300 /T  (cm 2) was used. 

2 .  S Y S t e m  o f  E q u a t i o n s  a n d  C a l c u l a t i o n  P r o c e d u r e  

In view of the assumptions made, the sys t em of equations for calculating the pa ramete r s  of nonvis- 
eous, non-heat-conducting, rotat ionally relaxing nitrogen in a cyl indrical  coordinate sys tem has the form 

. 0 (ypu) 0 (y~v) (2.1) 
Ox 4- Oy - -  0 
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Ou Ou 1 Op . (2.2) 
u-~-Zx + vD~-y + p Ox 0 

Ov Ov t Op 

.-~-~ +,-~-y +-V-w=o (2.3) 

h (T, Tr) -}- I/2w~ -~ ho, w ~ = u z -I- v ~" (2.4) 

h (T, Tr) = 5/2RT z r -  RTr (2.5) 

p = pRT 
(2.6) 

dTr T --  Tr (2.7) 
dt  ~ "~r 

H e r e ,  x and y a r e  c o o r d i n a t e s  (x i s  d i r e c t e d  a long  the ax i s  of  s y m m e t r y ) ;  p i s  the dens i t y ;  p i s  the 
p r e s s u r e ;  w, u, and v a r e  the v e l o c i t y  and i t s  p r o j e c t i o n s  on the x and y ax i s ;  h i s  the en tha lpy ;  R i s  the gas  
c o n s t a n t .  

The s y s t e m  of  equa t ions  (2.1)-(2.7) can  be  s o l v e d  by the method  of  c h a r a c t e r i s t i c s  [3]. The t h e o r e t i c a l  
s y s t e m  of  equa t ions  i n c l u d e s  equa t ions  of  the  c h a r a c t e r i s t i c s  of  the f i r s t  and s e c o n d  f a m i l i e s  and the r e l a -  
t i o n s h i p s  a long the s t r e a m  l i n e s .  The equa t ions  of  the c h a r a c t e r i s t i c s  a r e  w r i t t e n  in  the f o r m  

~ ~ (2.8) 
d x + -  ~ dy+ 

(2.9) 

p+w+y+ (t + ~)'/, (2.10) d~p+ = -~- ~ ~__ i dy+ 

H e r e  r i s  the s t r e a m  func t ions ,  ~ = t an  0 (0 i s  the ang le  of  i n c l i n a t i o n  of the v e l o c i t y  v e c t o r  to the  x 
a x i s ) , / 3  = ~ ,  a 2 = 1.67 RT, a i s  the " f r o z e n "  v e l o c i t y  of sound ,  x+ = x / r  a ,  y+  = y / r  a , r a i s  the r a d i u s  
of  the nozz le  ex i t  s e c t i o n  

P+'I = P/Pa, w+ = W/Wa, p+ = p[PaWa ~, •+ = ~)/Pamara 2, T+ = T / T a ,  Tx+ = T r / T  a 

The s u b s c r i p t  a r e f e r s  to p a r a m e t e r s  a t  the nozz le  s e c t i o n .  The r e l a t i o n s h i p s  a long  the s t r e a m  l i n e s  
have  the f o r m  

dTr+ -- 

dg+ = ~dx+ (2.11) 

r a (i -~- ~2)t/' (T+ -- Tr .  ) 
W~TrW+ dx+ (2.12) 

Wa 2 dp .  2 
RT  a p~-  + ~ dTr+ = 0 (2.13) 

2 
d T + -  5 

Wa ~" w~ 2 5 7 
l i t  a 2 -]---~T+ + Tr+ = " ~ - T o  (2.14) 

The parameters at the nozzle section are essential for the calculation. Equations (2.8)-(2.14) were 

written in finite-difference form in accordance with [3]. The computer program included subroutines for 

calculating the parameters on the initial surface, in the flow field, at the nozzle section, and on the axis of 

symmetry. 

3. Results of Calculation and Their Analysis 

The system of equations (2.8)-(2.14) was used to calculate the free expansion of nitrogen in conditions 

corresponding to the experiment in [2] (M a = wa/a a = I, ra = 5 ram, temperature in receiver T O = 300~ 

P0ra = 7.5 and 240 torr �9 ram, P0 is the pressure in the receiver). The calculation was carried out for 

414 



o-z/  / 
\ I 
k v - 5  

~\x [ * 

\'K.%>, ! 
\ \ \ \  "~ ~- . . . /  
\ 1 \ \ ' -  "--~-g 5 

Z = 5 and 10. The d i f f i cu l ty  e n t a i l e d  in c a l c u l a t i o n  c l o s e  to the 
s u r f a c e  M = 1 was  c i r c u m v e n t e d  by  c h o o s i n g  a s u r f a c e  wi th  
equa l  p a r a m e t e r s ,  c o r r e s p o n d i n g  to M = 1.1,  a s  the i n i t i a l  s u r -  
f ace .  I t  was  a s s u m e d  tha t  when  M = 1.1 the flow i s  an  e q u i l i b -  
r i u m  f low.  The n u m b e r  of po in ts  t a k e n  on the i n i t i a l  s u r f a c e  
was  n = 25. The va lue  of  T r +  on the i n i t i a l  s u r f a c e  was  d e t e r -  
m i n e d  f r o m  the cond i t ion  

dTr.  dT .  
dx+ -- dx§ for y+~0, x . ~ x l e  

w h e r e  x i+  is  the va lue  of x+ a t  the po in t  of i n t e r s e c t i o n  of  the 
i n i t i a l  s u r f a c e  with the ax i s  of  s y m m e t r y .  A va lue  Aft = 2 . 1 0  -2 
was  t a k e n  for  the p i tch  of  the s t r e a m  t u r n  a t  the nozz le  e x i t .  A 
check  c a l c u l a t i o n  showed  tha t  when A/~ was  r e d u c e d  and n dou-  
b l e d ,  M a n d  r w e r e  a l t e r e d  by l e s s  than  1% in  c o m p a r i s o n  with 
the indicated values. 

Figure 1 shows the results of calculation of T r [dashed 

curves: I) p0r a=7.5 tort-ram, Z =10; 3) P0ra=7.5 terr.mm, 

Z = 5; 7) P0ra = 240 torr �9 ram, Z = I0; 8) P0r a = 240 torr �9 ram, 

Z = 5] and  T [ so l id  c u r v e s ;  10) P0r a = 240 t o r r .  r am,  Z = 10; 11) 
Fig. 1 

p0r a = 7.5 torr omm, Z = 5; 12) P0ra = 7.5 torr.mm, Z =!0] on 

the axis of symmetry and also the results of calculation of T r [I] with similar initial data [2) p0r a = 7.5 

tort �9 ram, Z = 5; 6) P0ra = 240 torr �9 mm, Z = 10], but without taking into account the effect of rotational 

relaxation on the flow geometry and gasdynamic parameters~ The figure also gives the results of measure- 

ments [2] [4) P0ra = 7.5 torr �9 ram; 5) P0ra = 240 torr �9 mm) and the values of T for cases of isentropic ex- 

pansion of gas with T = Io4 {curve 9) and T = 1.67 {curve 13)]o 

A reduction of P0ra, as was to be expected, leads to an earlier disturbance of equilibrium between the 

t r a n s l a t i o n a l  and  r o t a t i o n a l  d e g r e e s  of f r e e d o m .  Al lowance  fo r  the e f f ec t  of  r o t a t i o n a l  r e l a x a t i o n  on the 
e x p a n s i o n  of  n i t r o g e n  g r e a t l y  r e d u c e s  the d i s a g r e e m e n t  b e t w e e n  the r e s u l t s  of c a l c u l a t i o n  [1] and  m e a s u r e -  
m e n t  [2] of  the r o t a t i o n a l  t e m p e r a t u r e .  The r e d u c t i o n  of T with  the  f r e e z i n g  of T r l e a d s ,  in a c c o r d a n c e  
with (2.7), to a m o r e  r a p i d  r e d u c t i o n  of T r .  When P0ra = 7~ t o r t  . r a m  a b e t t e r  a g r e e m e n t  b e t w e e n  the c a l -  
cu l a t i on  and e x p e r i m e n t a l  r e s u l t s  i s  o b t a i n e d  with  Z = 5. At  P0ra = 240 t o r t  � 9  the s l i g h t  d e v i a t i o n  f r o m  
e q u i l i b r i u m  does  not a l low a cho ice  b e t w e e n  Z = 5 o r  10o 

F r e e z i n g  of the r o t a t i o n a l  t e m p e r a t u r e  i n c r e a s e s  the r a t e  of coo l ing  of  the gas  in t r a n s l a t i o n a l  de -  
g r e e s  of  f r e e d o m .  The change  in T,  h o w e v e r ,  a f t e r  d i s t u r b a n c e  of e q u i l i b r i u m  does  not  c o r r e s p o n d  to T = 
1.67,  which would  r e s u l t  f r o m  c o m p l e t e  f r e e z i n g  of  the r o t a t i o n s .  The o c c u r r e n c e  of r a r e  c o l l i s i o n s  a t  
T r >> T i s  s u f f i c i e n t  for  s i g n i f i c a n t  " r e p l e n i s h m e n t "  of  the t r a n s l a t i o n a l  d e g r e e s  of  f r e e d o m ,  s i n c e  the 
e n e r g y  t r a n s m i t t e d  in  one c o l l i s i o n  i s  p r o p o r t i o n a l  to T r - - T .  Hence ,  the e f f ec t ive  va lue  of  T i s  c l o s e  to the 
e q u i l i b r i u m  v a l u e .  E n e r g y  t r a n s f e r  b e t w e e n  the r o t a t i o n a l  and  t r a n s l a t i o n a l  d e g r e e s  of f r e e d o m  due to the 
r a r e  c o l l i s i o n s  has  no s i g n i f i c a n t  e f f e c t  on the v a r i a t i o n  of T r -  

I t  shou ld  be no ted  in  c o n c l u s i o n  t ha t  the e x p e r i m e n t a l  da ta  of [2] i nd i ca t e  tha t  the  popu la t ion  of the 
u p p e r  r o t a t i o n a l  l e v e l s  does  not  c o n f o r m  with a B o l t z m a n n  d i s t r i b u t i o n .  The o b s e r v e d  n o n e q u i l i b r i u m  of  
the popu la t ions  can  be a t t r i b u t e d  to the p e n e t r a t i o n  of ' ~ o t t e r "  m o l e c u l e s  of the  e n v i r o n m e n t  into the f r e e -  
e x p a n s i o n  r e g i o n  [8]. The va lue  of  T r u sed  in the c o m p a r i s o n  of the r e s u l t s  of c a l c u l a t i o n  and e x p e r i m e n t  
was  tha t  ob t a ined  in [2] f r o m  the r e l a t i v e  popu la t ion  of the l o w e r  r o t a t i o n a l  l e v e l s ,  w h e r e  the e f f ec t  of  e n -  
v i r o n m e n t a l  m o l e c u l e s  d i f fus ing  into the j e t  i s  i n s i g n i f i c a n t .  An a c c u r a t e  a s s e s s m e n t  of the r o l e  of  th is  
f a c t o r  wi l l  r e q u i r e  e x p e r i m e n t a l  da t a  f o r  the popu la t i ons  of the r o t a t i o n a l  l e v e l s  in  the f r ee  e x p a n s i o n  r e -  
g ion  of the j e t  f o r  d i f f e r e n t  p r e s s u r e s  in  the s u r r o u n d i n g  a t m o s p h e r e .  
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